Introduction
Once we know the crystal associated with representations, we can read for example the branching rule, decomposition into irreducible components of tensor products, etc. Hence it is important to give the explicit crystal structure of representations. Several constructions are already known:
1. the description by using the elementary crystals B i ([1]), 2. Littelmann's path realizations ( [7, 8] ), 3. Young tableaux in gl n -case, and their variants in the classical Lie algebra case ( [6] ). 4. the realization using perfect crystals in the affine case ( [5] ), In this paper, we shall add two more realizations of crystals. (5) the monome realization, (6) the lattice realization. The realization (5) is the one due to Hiraku Nakajima, and its variation.
Preliminary
Let P be a weight lattice, {α i ∈ P ; i ∈ I} the set of simple roots, and {h i ∈ P * ; i ∈ I} the set of simple co-roots. Let P + be the set of dominant weights, P + := {λ ∈ P ; h i , λ ≥ 0 for any i}. Let Λ i ∈ P be the fundamental weight:
We shall not recall here the notion of crystals (see e.g. [2] ). We shall call I-crystal when we want to emphasize the index set I of simple roots.
For a crystal B let us denote by B ∨ the crystal obtained from B by reversing the arrows :
∨ . For a dominant integral weight λ ∈ P + , let us denote by B(λ) the crystal associated with the irreducible representation V (λ) with highest weight λ. Then B(−λ) := B(λ)
∨ is the crystal associated with the irreducible representation V (−λ) with lowest weight −λ. Let us denote by B(∞) the crystal associated with the negative part U − q (g) of the quantized algebra U q (g). Then B(−∞):=B(∞) ∨ is the crystal associated with the positive part U + q (g). For λ ∈ P , we denote by T λ the crystal {t λ } with wt(t λ ) = λ, ε i (t λ ) = ϕ i (t λ ) = −∞ and e i (t λ ) = f i (t λ ) = 0. Then there is a strict embedding B(λ) ֒→ B(∞) ⊗ T λ .
For an I-crystal B and a subset J of I, let us denote by Ψ J (B) the J-crystal B with the induced crystal structure from B.
A crystal B is called semi-normal if for each i ∈ I the {i}-crystal Ψ {i} (B) is a crystal associated with an integrable module. This is equivalent to saying that ε i (b) = max{n ∈ N ; e n i b = 0} and ϕ i (b) = max{n ∈ N ; f n i b = 0} for any b ∈ B and i ∈ I. A crystal B is called normal if for any subset J of I such that {α i ; i ∈ J} is a root system for finite-dimensional semisimple Lie algebra, Ψ J (B) is the crystal associated with an integrable U q (g J )-module, where U q (g J ) is the associated quantum group with {α i ; i ∈ J}.
The crystal B i is {b i (n); n ∈ Z} with wt(b i (n)) = nα i ,
Let {i n } n=1,2,... be a sequence in I such that every element in I appears infinitely many times in this sequence. Then B(∞) is strictly embedded into the crystal
. This is the realization (1) in the introduction.
The following theorem is frequently used in this paper. 
Then any connected component of B containing a highest weight vector is isomorphic to B(λ) for a dominant integral weight λ.
The following variation is proved similarly. 
Then any connected component of B containing a highest weight vector b is isomorphic to B(∞) ⊗ T wt(b) for a dominant integral weight λ.
Monôme realization
The following realization is due to Hiraku Nakajima ( [9] ). Let M be the set of monômes in the variables Y i (n) (i ∈ I, n ∈ Z):
We set
We assign to Y i (n) the weight Λ i , so that A i (n) has the weight α i . We define the crystal structure on M as follows. For a monôme M = i∈I,n∈Z
We define (i) For M ∈ M good and i n, y i (n) > 0 implies y i (n + 1) ≥ 0.
It is in fact not true that M is a crystal (see Example 3.3). All the axioms for crystals hold but
(ii) M good is stable by the e i 's and the f i 's. Then M good has good properties. Namely it is a normal crystal, and the crystal generated by a highest weight vector of weight λ is isomorphic to B(λ).
Since the proof is similar to the proof of Theorem 4.3, we omit this. Problem 1. Find a subcrystal M good of M which has the properties above (or modify the definition above so that M is really a crystal). 
is the crystal isomorphic to B(Λ 1 ).
Example 3.3. For M, all the axioms for crystals hold except
For example, for g = sl 2 .
Y (1)Y (2)
and the chain in M good
−1 ) = 0 (with another modified rule).
Variations
We shall define another structure of crystal on M. Let c = c ij i =j∈I be a set of integers such that c ij + c ji = 1.
For a monôme M = i∈I,n∈Z
We define
Here
Note that y i (n f ) > 0, y i (n f + 1) ≤ 0 and y i (n e + 1) < 0, y i (n e ) ≥ 0. Let us denote by M c the crystal M thus defined. In this case, one can prove easily the following peroposition. Proof. It is enough to show for a subset J of I with cardinality 2, any connected component B of M c containing a highest weight vector is isomorphic to the crystal associated with an integrable highest wieight U q (g J )-module. Assume J = {1, 2}. Then we may assume that c 1,2 = 0 and c 2,1 = 1. Then one has
, which vanish except for finitely many n.
Hence
One has
On the other hand
Hence ε 1 (b) and ε 1 (M ) are equal. One has
and hence ε 2 (b) and ε 2 (M ) are equal. It is easy to see the action of f i and e i commute with Φ. Hence Φ is a crystal morphism.
On the other hand, one has.
, where P h = {b ∈ P; e i b = 0 for any i} and (P − ) ℓ = {b ∈ (P − ) ℓ ; f i b = 0 for any i}. Hence K is a disjoint union of B(∞)⊗T λ ⊗B(−∞) ⊂ B(Ũ q (g)). Hence the connected component containing a highest weight vector is isomorphic to B(λ) for some λ ∈ P + . 
Lattice realization
Let Q be the root lattice i∈I Zα i . Let us take a family l = {ℓ i } i∈I of elements in Q * := Hom(Q, Z), which satisfies the following property:
Let us define the crystal B l = {v(x); x ∈ Q} as follows. One has wt(v(x)) = x, Proof. We may assume I = {1, 2}. Assume that ℓ 2 (α 1 ) = − h 2 , α 1 and ℓ 1 (α 2 ) = 0. Then B l ≃ B 1 ⊗ B 2 , and the result follows from the realization (1).
Example 5.2. For g = A (1) n (n ≥ 2) with I = Z/(n + 1)Z, if we take ℓ i (α j ) = −δ i,j + δ i+1,j , then B l is the crystal associated with a coherent family of perfect crystals ( [4] ). Hence the above result is proved in loco.cito. Problem 4. What is the condition for l in order that the above theorem holds?
